Two important questions concerning cosmic rays are: Why are electrons in the cosmic rays less efficiently accelerated than nuclei? How are particles accelerated to great energies in ultra-high energy cosmic rays? In order to answer these questions we construct a simple model of the acceleration of a charged particle in the cosmic ray. It is not meant as a detailed model, which is expected to be rather complicated, but rather as a 'pedagogic model' pointing out some important elements of a more complete model. Furthermore, the present model is sufficiently simple that it may be suitable as an 'astrophysical example' in the teaching of the special theory of relativity. In this model a particle is accelerated by ultrarelativistic shocks in a source of gamma ray bursts. No assumption as to the details of the accelerating mechanism is made except that the force acting on a charged particle depends only upon the charge of the particle and not upon its mass, and the product of the force and the thickness of the shock waves must be sufficiently great. It is important for the success of the model that the energy radiated by the particles is taken mainly from the Schott energy and not from the kinetic energy of the particles. It is shown how this model of the accelerating process can explain why electrons are accelerated to less energy than protons and heavier nuclei. The mechanism also explains how particles may be accelerated to energies greater than 10 20 eV.
Introduction
In an article about cosmic rays in Macmillan Encyclopedia of Physics, Mewaldt [1] writes: 'It is not known why electrons are apparently less efficiently accelerated than nuclei'. He further writes that there is considerable evidence that cosmic rays are accelerated as the shock waves from supernova explosions travel through the surrounding interstellar gas.
In the present paper I construct a very simple, 'pedagogical' model of shock wave acceleration that is able to explain why electrons are accelerated to less energy than heavier particles with the same charge.
Ø Grøn
In a critical review of the theory of shock wave acceleration of cosmic rays Kirk and Dendy [2] mention the failure of the standard mechanism to accelerate particles up to 10 16 eV. We here show that the present model leads to an acceleration mechanism that is sufficiently efficient to be able to accelerate charged particles up to the energies of ultra-high energy cosmic rays.
The model is presented in a simple way that makes it suitable as an application of relativistic dynamics in the teaching of the special theory of relativity.
The main new physical point is that the energy gained by a particle hit by a shock wave, which acts upon it by a certain force, is proportional to the energy of the particle when it is hit by the shock. The reason is that the larger mass the particle has, the longer it will stay inside the shock, and the larger the energy it will gain. Hence, successive collisions will be increasingly effective in giving energy to the particle. Also it is important that the efficiency of the model is not spoiled by radiation loss, because the radiation energy is mainly taken from the Schott energy and not from the kinetic energy of the particles.
In this paper I give a pedagogical presentation of this effect and not a refined model or a calculation of an energy spectrum. Neither do I describe here the nature of the shock fronts. I leave it to others to take this effect into account in more complete models of how the particles in the cosmic rays get their energies in galactic shock fronts or in fronts associated with supernova explosions or hypernova explosions that produce gamma ray bursts.
Non-relativistic acceleration of a cosmic ray particle initially at rest
The shock wave is assumed to be moving with a constant velocity v S , it has a thickness H, and the force acting on an electron or a proton has a constant magnitude F. The mass of the particle is m. Then the particle gets a constant acceleration g = F /m when it is within the front. In this section, I will assume that the particle is at rest before it is hit by the shock wave.
I assume that the front is sufficiently thick that it is able to reflect the particle. The larger the work the front performs upon the particle the longer the time the particle is within the front. The maximal energy is obtained if the particle moves through the whole depth of the front when it is inside it. I shall calculate the energy given to the particle in this case and the thickness of the front needed in order that the particle shall be reflected. This is most easily performed by first making a Galilean transformation into the rest frame of the front. In this frame, the particle initially moves towards the front with a velocity v S . Then it decelerates to a vanishing velocity at the rear end of the front, and finally accelerates so that it leaves the front at the same side as it entered with a velocity v S .
When the particle is accelerated out of the front, the work performed by the force in the front upon the particle is equal to its increase of kinetic energy:
Hence the front must have a thickness
Galilean transformation into the rest frame of the observer shows that the particle comes out of the front with a velocity 2v S . Thus, the kinetic energy of the particle is
For an electron with a velocity v S ≈ c, the kinetic energy is ≈10 6 eV which is a factor 10 −14
too small compared to the energies of the highest energy cosmic ray particles, ≈10 20 eV. It should be noted, though, that the kinetic energy increases with the mass of the particle. The reason is that the time t 1 spent by the particle inside the front increases with m. Hence, the distance x 1 = (1/2)gt 2 1 that the particle moves inside the front also increases with m, and the same is therefore the case for the work F x 1 performed by the force acting upon the particle while it is inside the front.
Relativistic acceleration
We shall now consider the corresponding relativistic case and assume that the particle has a constant proper acceleration g while it is inside the front, i.e. the acceleration is constant in its instantaneous inertial rest frames. Again we make a transformation into the rest frame of the front and find that in this frame the particle leaves the front with the same velocity as it entered it. To find the velocity of the particle in the laboratory frame, the Galilean velocity addition must now be replaced by the relativistic velocity addition formula, implying that the particle leaves the front after the reflection with a velocity
The corresponding Lorentz factor is
where
S c 2 is the Lorentz factor of the front in the rest frame of the observer. Hence the kinetic energy of the particle is
where m is the rest mass of the particle. In order to transfer a sufficiently large energy to the particle, the shock wave has to move with a velocity extremely close to that of light. We see that the kinetic energy of the particle is proportional to the mass of the particle. Hence, this model of the acceleration implies that the electrons in the cosmic rays are less efficiently accelerated than the nuclei. The reason is that more massive particles stay inside the shock wave for a longer time than lighter ones, as explained in section 2.
In the case of an ultrarelativistic shock, say with γ S = 100, this gives a kinetic energy which is 10 000 times larger than without the γ S factor, but still many orders of magnitude too small to account for the energy of the most energetic particles in the cosmic rays.
The proper thickness H 0 that the front must have in order to be able to reflect the particle may be calculated as follows. Referring to the frame of reference in which the front is at rest, the equation governing the motion of the particle while it is within the front is
where f = mg is the constant 3-force acting on the particle and γ
Hence the rate at which the 3-force does work on the particle is
A simple integration of this expression shows that a particle moving initially with speed v S towards the stationary shock will be brought to rest after travelling a distance x within the shock, where
Thus provided the proper thickness H 0 of the shock satisfies the condition
the direction of the motion will be reversed and the particle will accelerate until it bounces out of the shock with speed v S . It may be noted that equation (9) is the relativistic generalization of equation (1) . Its physical content is that the work performed by the force in the front is equal to the decrease of the kinetic energy of the particle when it moves into the front and the increase when it moves out of it.
Shock front hitting moving particles
Above we have assumed that the cosmic ray particle was at rest before it was hit by the shock wave. That need not be the case. In order to simplify the description, we now assume that it had an initial velocity v 0 in the same or opposite direction to that of the front in the inertial rest frame of the observer. Oblique impact is not considered. By making a Lorentz transformation with the velocity v 0 , we arrive at the inertial frame of the previous description where the particle was initially at rest. Note that the change of the kinetic energy of the particle is not Lorentz invariant. It can even have opposite signs in two different inertial frames. In the initial rest frame of the particle, the change will always be an increase of kinetic energy. But in the frame of the observer, it may be an increase or a decrease depending on the direction of motion of the shock wave and the particle in the frame. If the shock wave moves away from the observer in the same direction as the particle before the collision, the kinetic energy of the particle decreases, and if the front moves in the opposite direction, the kinetic energy of the particle increases. This is similar to a tennis ball. If the player moves the racket backwards the ball may be stopped, and if he moves the racket forwards the ball is shot out with an increased kinetic energy.
In the reference frame of the observer, the shock front moves towards the observer, i.e. towards the Earth. Calculating with absolute magnitudes and assuming that v S > v 0 , the initial velocity of the particle in the rest frame of the front is
with plus for a particle initially moving towards the front and minus for one moving in the same direction as the front in the laboratory frame. A Lorentz transformation into the rest frame of the observer gives the velocity of the particle out from the front:
Then
Hence the kinetic energy of the particle when it comes out of the front is
The kinetic energy of the particle is independent of the magnitude of the force acting upon it in the front and the thickness of the front, as long as condition (10) is fulfilled. From equations (6) and (14) it follows that the change of kinetic energy is
The condition that v S > v 0 implies that E > 0. Hence, the particle which is overtaken by the front always gets an increase of kinetic energy. Note that the situation where a tennis player stops the ball corresponds to the front moving away from the observer. Choosing the minus sign in equation (12) shows that v 1 = 0 for
which is the same expression as in equation (4). This is as expected since the present situation is the 'opposite' one to that considered there. Inserting expression (16) into equations (14) and (15) and choosing the minus sign gives E 1 = 0 and E = −E. Again it should be noted that the kinetic energy of the particle after having been accelerated in the front is proportional to the mass of the particle.
In the initial rest frame of the particle, the velocity of the front is minus the velocity v in equation (11). In this frame, the Lorentz factor of the front is
If the thickness of the front is H 0 in the rest frame of the shock, then it is H = (γ S0 /γ S ) H 0 in the lab frame. It follows from equations (17) and (10) that the condition which the thickness of the shock zone must satisfy to ensure that a bounce occurs is
Several shocks accelerating a charged particle
We shall consider a one-dimensional modified version of the Fermi acceleration mechanism [3] more efficient than the original one. There are several shock fronts along the sight of line to the observer, some moving towards the observer, i.e. in the same direction as the particle and some moving in the opposite direction. In order to obtain as simple a model as possible I assume that all the shocks move with the same velocity and that the particle is hit by shocks moving in opposite directions like a tennis ball being hit by the rackets of the two players. If the particle moves initially away from the observer, it will move towards the observer after an odd number of reflections. If it moves initially towards the observer, it moves towards the observer after an equal number of reflections.
As we have seen, the relativistic formula (11) for velocity addition is much used in the theory of acceleration of particles by shock zones. Due to the similar form of the equation
the rapidity θ defined by
adds in a 'Galilean' way. Hence, equation (11) takes the form
This is particularly useful when we consider acceleration by several shocks. Furthermore, the Lorentz factor γ and γ v are given by
I will now assume that the first shock moves towards the observer and the particle moves initially away from the observer, which corresponds to the plus sign in equation (21). Then equations (12) and (13) are replaced by
where θ 1 is the rapidity of the particle after it has left the first front in the rest frame of the observer. The second front moves away from the observer towards the particle. In the rest frame of the second front, the particle has a rapidity θ 02 = θ 1 + θ S = 3θ S + θ 0 directed towards the shock before it is hit. The particle is then reflected by the shock and leaves it with the same velocity, directed away from the observer. In the rest frame of the observer, the particle now has a rapidity θ 2 = θ 02 + θ S = 4θ S + θ 0 directed away from the observer. The fourth shock moves towards the observer, and so forth. The shocks play tennis with the particle, and each reflection increases the rapidity of the particle by 2θ S . Hence, after n reflections the particle has a rapidity
If n is an odd number, the particle moves towards the observer after the reflection. The energy of the particle is then
Observations of gamma ray burst indicate that there exist ultrarelativistic shock fronts outside exploding stars. According to the theory of gamma ray bursts and their afterglows [7] , there exist both shocks moving out from the exploding star and reverse shocks. The Lorentz factor of such shock fronts may have a value above γ S = cosh θ S = 100 corresponding to a rapidity θ S = 5.3. For a proton with initial velocity v 0 = 0.99c reflected by two shock fronts, equation (25) then gives E ≈ 10 19 eV, and by three fronts E = 2 × 10 21 eV. A possible problem with this acceleration mechanism is that it requires a rather thick shock in order that the particle shall be reflected by it. Let us calculate the necessary thickness. Before the nth reflection the particle has a rapidity
towards the front number n − 1 in the rest frame of this front. Hence, the proper thickness of this front must obey
where θ is given in equation (23). A discussion of the thickness problem may be found in [5] .
Radiation loss
An accelerated charged particle emits electromagnetic radiation with an effect given by Larmor's law:
where a is the 3-acceleration of the particle.
Since the radiated effect is proportional to the sixth power of γ , this seems to imply a serious radiation loss from the particle, making it difficult for the particle to gain a very high energy, say 10 20 eV.
Surprisingly, this is not so. It is true that the particle radiates energy according to equation (28), but this energy is not taken from the kinetic energy of the charge. In order to understand this, we must consider the equation of motion of the particle, the LorentzAbraham-Dirac equation,
where the dot denotes differentiation with respect to the proper time of the particle, U μ is the 4-velocity of the particle and
where A μ is the 4-acceleration of the particle. The vector μ is called the Abraham 4-vector. Being orthogonal to the 4-velocity of the charge, μ may be written as
The 3-force Γ is called the field reaction force or the self-force. For rectilinear motion, it is given by
Here g is the proper acceleration of the particle, i.e. the acceleration in an instantaneous inertial rest frame of the particle. These expressions show that the field reaction force vanishes for a charge accelerated by a constant force field giving the charge a constant proper acceleration. Hence, all of the work performed by the external force upon the charged particle is used to give it an increase in kinetic energy.
One may wonder, then, where the radiated energy comes from. A detailed analysis [6] shows that the source of the radiated energy is the so-called Schott energy. It is given by
and may be identified as the energy of a part of the electromagnetic field of the charge localized very close to the charge [6] . The Schott energy becomes increasingly negative when the velocity of an accelerated charge increases. In the case of a uniformly accelerated charge, all of the radiation energy comes from the Schott energy.
Conclusion
The energy gained by a charged particle reflected by ultrarelativistic shocks that exist in the sources of gamma ray bursts has been calculated. If the product of the force acting upon the charged particle when it is within the shock and the thickness of the shock is sufficiently great to reflect the particle, this represents a very efficient way of accelerating the particle to an extremely large energy, like that in ultra high energy cosmic rays. The increase of energy is proportional to the mass of the particle. Hence, this acceleration model is able to explain why electrons are less efficiently accelerated than protons and heavier nuclei. The reason for this is that the heavier particles penetrate deeper into the shocks and spend a longer time within them than the lighter ones. Therefore, the shocks perform greater work upon the heavier particles and transfer a larger energy to them. The process that a particle is reflected several times by such shocks is surprisingly effective. The reason is that the energy increase of the particle is not only proportional to the rest mass of the particle but also to the Lorentz factor of the particle, since the time spent into a shock depends upon the relativistic mass of the particle. This means that each reflection is more efficient than the preceding ones, due to the increase of mass of the particle.
This point does not seem to have been mentioned earlier, but it may be decisive in accelerating particles to the energy of the ultra-high energy cosmic rays. Also of great importance is the fact that the radiated energy does not come from the kinetic energy of the charge, but from the Schott energy. Hence, in the case of a constant force field, all of the work performed by the external force upon the charge is used to increase the kinetic energy of the charge.
